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REAL QUADRATIC DOUBLE SUMS 


JEREMY LOVEJOY AND ROBERT OSBURN 


Abstract. In 1988, Andrews, Dyson and Hickerson initiated the study of g-hypergeometric 
series whose coefficients are dictated by the arithmetic in real quadratic fields. In this paper, we 
provide a dozen g-hypergeometric double sums which are generating functions for the number 
of ideals of a given norm in rings of integers of real quadratic fields and prove some related 
identities. 


1. Introduction 

In 1988, Andrews, Dyson and Hickerson [3] initiated the study of g-hypergeometric series 
whose coefficients are dictated by the arithmetic in real quadratic fields. They considered a 
g'-series from Ramanujan’s lost notebook. 


^{q) ■= X 

n>0 



( 1 . 1 ) 


and proved the Hecke-type identity, 

a{q)= (^-l)n+jqni3n+l)/2-f(^-^_^2n+ly (^ 2 ) 

n>0 

—n<j<n 


Here and throughout we assume that |g| < 1 and use the standard g-hypergeometric notation. 


{a)n = (a; g)„ = H 
k=l 

valid for n G N U { 00 } . Andrews, Dyson and Hickerson then used identity (jl.2p to relate the 
coefficients of cj(g) to the ring of integers of the real quadratic field Q(\/6). As a consequence, 
they found that these coefficients satisfy an “almost” exact formula, are lacunary and yet, 
surprisingly, assume all integer values infinitely often. 

Other rare and intriguing examples of g-series related to real quadratic fields (predicted to exist 
by Dyson 0) have been investigated over the years (see 0 , 0 , m and [12], for example). The 
key in each of these studies is the use of Bailey pairs to prove a Hecke-type identity resembling 
(|1.2I) . We recall that a Bailey pair relative to o is a pair of sequences {an, /3n)n>o satisfying 


A = E 


<^k 


k=0 


{Q^n—k {^Q^n+k 


(1.3) 


Date-. June 17, 2015. 

2010 Mathematics Subject Classification. Primary: 33D15; Secondary: 11F37. 
Key words and phrases. Bailey pairs, real quadratic fields, g-series. 

1 





2 


JEREMY LOVEJOY AND ROBERT OSBURN 


For example, Bringmann and Kane [6] discovered the following two Bailey pairs. First, (a^, bn) 
is a Bailey pair relative to 1, where 


and 


n—1 


a2n = (1 - g4n)g2n2-2n ^ ^ 

j=-n 

(1.4) 

n 

„ (g 4n+2\ 2^2 -2fi 

a 2 n+i — -(1 - q )q } ^ q , 

j=-n 

(1.5) 


Second, {an,/3n 


(-ir(g;g^)n-i 

" (g)2n-l 

is a Bailey pair relative to q, where 


X{n / 0). 


( 1 . 6 ) 


n—1 


0'2n = 


— ^ I „2n2+2n -2f-2j 


2 _2f 


1-q 
1 


+ ,2„> ^ , 

j=-n j=-n 


Ol2n+l — 


1 - q 


q 


.2n^+4ri.+2 




j=-n 


E « 

j=-n-l 


(1.7) 

( 1 . 8 ) 


and 


i-mq;q% 

(g)2n+l 

Recently, we showed that (ll.4h ~ (ll.9p are actually special cases of a much more general result 
(see Theorems 1.1-1.3 in m)- This led to new Bailey pairs involving indefinite quadratic forms, 
and we used these new pairs to find many new examples of g-hypergeometric double sums which 
are mock theta functions m- In this paper we use these pairs to find many new examples of 
( 7 -hypergeometric double sums which are generating functions for the number of ideals o of a 
given norm A^(o) in the rings of integers Ok of real quadratic fields K. Our main results are 
as follows. We use the notation X)* to indicate that the sum does not converge in the classical 
sense, but may be defined as the average of the even and odd partial sums. 

Theorem 1.1. Let K = Q(\/2). We have that 


satisfies 


Li{q)-=Y1 

n>ln>k>l 




oCOk 

N(a)=15 (mod 32) 
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satisfies 


L2{q) ■— 


E E 

n>0n>k>0 


(g)n(—2 )■*■( 2 ) 

{q)n-k{q)k{l - 


satisfies 


oCOk 

N(a)=7 (mod 32) 


Lfiq):=qY, Y. 

n>ln>k>l 


(g)n-i(-l)»+^g("2^)+(2) 

{q)n-k{q)k-i{'^ - g2fc-i) 


and 


aCO/f 

Af(a)=31 (mod 32) 


satisfies 


Li{q) := 


-i + E E 

n>0 n>k>0 


((?)„(—2 )+( 2 ) 


q-^U{q^^) 


1 

2 


aCOif 

A^(a)=23 (mod 32) 


Theorem 1.2. Let L = Q(-v/3). TTe have that 


satisfies 


L^{q)-=qY E 

n>l n>/c>l 




satisfies 


q-^L,{q^)=2 E 

aCOL 

N(a)=0 (mod 2) 
o=(a;),7V(x)<0 


^6(^7) := E E 

n>l n>k>l 


(-l)^(g)^_i(-l)"+^"+^^ 


q-^L^{q^) = 2 E 

aCOi 

Af(a)=l (mod 2) 
o=(a;),A'(x)<0 


( 1 . 11 ) 


( 1 . 12 ) 


(1.13) 


(1.14) 


(1.15) 
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satisfies 


Lfiq):=2'^* 

n>0 n>k>0 




and 


qLj{q^) = Y1 ( 1 - 16 ) 

aCOL 

N(a)=l (mod 6) 


satisfies 


L%{q) ■■= 


E 

n>0 n>k>0 


{q^;q^U-ir+^q^' 


q-^Ls{q^)= Y. 

aCOL 

Af(a)=4 (mod 6) 


Theorem 1.3. Let M = Q(\/6). We have that 


satisfies 


satisfies 


satisfies 


Lg{q):=Y Y1 

n>ln>k>l 


{q)n-k{q)k-i{l - 


q-^Lg{q^^) = Y 

aCOM 

N{a)=7 (mod 16) 


Lio{q) ■=qY Y1 

n>l n>k>l 


{q)n-k{q)k-i{l - 


aCOM 

A''(o)=15 (mod 16) 


Lii(g);-2^ Y 

n>0 n>k>0 


(<?)„-fc(g)fc(l-^2fc+i) 


q^Ln{q^^) = l Y 

aCOM 

Af(a)=5 (mod 48) 


(1.17) 


(1.18) 


(1.19) 


( 1 . 20 ) 


and 
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satisfies 


Luiq) 


E 

n>0 n>k>0 


{q)n-k{q)kil - 


g-19Ll2(/8) = 1 ^ (1.21) 

oCOm 

W(a)=29 (mod 48) 

We note that it follows from the above Hecke-type identities and Theorem 1 in |14] that all of 
the series Lfiq) are lacnnary. Exact formulas for the number of elements/ideals in Ok, Ol and 
Om with prime power norm then imply that their coefficients assume all eligible integer values 
infinitely often. 

With the following corollary we establish identities between some of the real quadratic double 
sums appearing in Theorems II.II and ll.2l and those which feature prominently in previous related 
works. Recall the following g-series (see (1.2) in [8], (1.9) in [lOj and Theorems 1.6 and 1.7 in 

m)- 


Z2{q) 

Mq) 

Zfiq) 

Z^{q) 


= E 

n>l 


-E 

n>l 


-E 

n>0 


-E 

n>l 


i-q;q‘^)n 

(_l)ngn^+n(g2.g2)^_l 

{-q)2n 

(-I)"g"'+"(g2;g2)^ 

{-q)2n+l 

{-irq^{q^-,q^)n 

iq^)n 


Corollary 1.4. We have the following identities: 

Z2{q) = q~'^Li{q'^) + qL2{q'^) + q~'^Lfiq'^) + q~^Li{q^), ( 1 . 22 ) 

2Z:,{q) = -q-^L^iq^) + q-^L^{q^), (1.23) 

ZA{-q)=Lfiq^)+q-^L^{q^), (1.24) 

-2Z^{q^)=L^{q). (1.25) 


The paper is organized as follows. In Section 2, we first recall some preliminaries on Bailey 
pairs and key results from [4] and [13]. In Section 3, we prove Theorems ll.UfTSl and Corollary 
Ol In Section 4, we mention some questions for further study. 


2. Preliminaries 

Before proceeding to the proofs of Theorems I1.1H1.31 we briefly discuss some preliminaries. 
First, the Bailey lemma (see Chapter 3 in |2|) says that if {an, fin) is a Bailey pair relative to a, 
then so is {a'n,fi'n), where 
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/ ^ {Pl)n{p 2 )n{aq/P1P2T 
{aq/Pi)n{aq/P 2 )n 


ot _ ^ {pi)k{p2)k{aq/pip2)n-k{aq/pip2f ^ . 

^0 {m/piUaq/p2Uq)n-k ^ ^ 

The limiting form of the Bailey lemma is found by putting (I2.ip and (|2.2I) into (jl.3p and letting 
n ^ 00 , giving 


n{p2)n{aq/P 1 P 2 T Pn 

n>0 


{aq/Pl)oo{aq/P 2 )oo {pi)n{p 2 )n{aq/P 1 P 2 T 

{aq)oo{aq/piP 2 )oo ^ {aq/pi)n{aq/P 2 )n 


Next, we recall six key Bailey pairs which were established in m- 


(2.3) 


Proposition 2.1. ITe have the following two Bailey pairs. First, the sequences {an, bn) form a 
Bailey pair relative to 1, where 


n—1 


a2n = (1 - q^nq^^ q-^^ 


]=-n 


2 - 2 f- 2 j 


a 2 n+i = -(1 - q 

j=-n 


and 


(2.4) 

(2.5) 


jo, if n = 0, 

bn = \ -n+l 

I 7^-2—2T- TTi , OtflCTWlSC. 

Second, the sequences {an,(3n) form a Bailey pair relative to q, where 


n—1 


a2n = 


..2n2 


1-q 


^ g-‘2p-‘ij _g ^2n2+2n+l ^ 




j=-n 


j=-n 


( 2 . 6 ) 


(2.7) 


and 


_ ^ I „2n2+2n+l 

a2n+l — - q 

1 - q 


Pn = 


^ g-2j^ + ^2n2+4n+2 ^ g-2i"-2i 

j=-n-l 


j=-n 


(-I)V 


(g2;g2)^(l_g2n+l)- 


( 2 . 8 ) 


(2.9) 
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Proposition 2.2. We have the following two Bailey pairs. First, the sequences {an,hn 
Bailey pair relative to 1, where 


form a 


a2n = (1 - ^ 


( 2 . 10 ) 


a2n+i = -(1 - ^ 


( 2 . 11 ) 


jo, ifn = 0, 

1 ( In-Q , otherwise. 

Second, the sequences {an, fin) form a Bailey pair relative to q, where 


( 2 . 12 ) 


a2n = - - q 

l-q\ 


_ ^ I „2n2+2n 

a2n+i — - q 

1-q \ 


q-^r-3 _|_ q2n^+2n ^ 


q-^F-^3 + q2n^+4n+2 ^ ^ 
j=-n-l j=-n 


-^r-i 


(2.13) 


(2.14) 


(-i)-g-rr) 

{q)n{l - q^-+^y 

Proposition 2.3. We have the following two Bailey pairs. First, the sequences {an,bn 
Bailey pair relative to 1, where 

n—1 

a2n = (1 - g4n)^2n2-2n+l 


El 


(2.15) 

form a 


(2.16) 


a2n+i = -{l-q^^^yq^-^ ^ 


(2.17) 


jo, ifn = 0, 

" I otherw,se. 

I, (g)n-i(l-r" Q’ 

Second, the sequences {an, fin) form a Bailey pair relative to q, where 


a 2 n = E 9 


-W-j 


(2.18) 


(2.19) 
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«2n+l — 


l-q 


q 


2nr-\-2n-\-l 


^ + g2n2+4n+2 ^ 

j=-n-l j=-n 


and 


( 2 . 20 ) 


I3n = 


(^ — l'jriq-n(n+3)/2 


( 2 . 21 ) 


(qUl-q2n+l)- 

Finally, we record a useful lemma for rewriting Hecke-type sums in terms of rings of integers 
of real quadratic fields. 

Lemma 2.4. [H Lemma 3] Let {xi,yi) be the fundamental solution of — Dy^ = 1, i.e., the 
solution in which xi and yi are minimal positive. If m > 0, then each equivalence class of 
solutions of — Dv^ = m contains a unique {u, v) with u > 0 and 

yi / / 2/1 

+ 1 Xi + l 

If m < 0, the corresponding conditions are v > 0 and 

Dyi Dyi 

-V < U < - -V. 


Xl + 1 


+ 1 


3. Proofs of Theorems 1 1. IffTTSl and Corollary 11.41 

We briefly discuss the strategy for proving Theorems I1.1H1.31 The first step is to make 
substitutions for pi and p 2 such that the product on the right-hand side of (j2.3|] either simplifies 
or is eliminated. For example, for Bailey pairs (on, (In) relative to a = 1, we can let pi —>• oo, 
divide both sides by 1 — p 2 > then let /?2 —t 1 in (j2.3p to obtain 


E n(n+1) w—> 

{-lT{q)n-iq^^ Pn = 

n>0 n>l 


{-ly 


n(n+l) 

’■q 2 


1 - 


-Clr 


(3.1) 


Alternatively, we can take pi = — 1 and divide both sides by 1 — p 2 j then let p 2 ^ 1 in (|2.3I1 to 
get 


For Bailey pairs (a^, /3n) 


l)n(g)n-l( q) ~ 2 ^ (3-2) 

n>0 n>l ^ 

relative to a = q, we can let 6 —oo and c = g in (|2.3I1 to obtain 


or take pi 


E n(n+1) ^^ n(n+l) 

{-iriqU^Pn = {l-q) j;(-l)”gT«, 

n>0 n>0 

g and p 2 = —q in ()2.3p to obtain 


(3.3) 


E(«t9")..(-1)”A = P’4) 

n>0 n>0 

We then employ the Bailey pairs in Propositions 12.lH2.31 and the Bailey lemma in (12.111 and (12.2p 
to obtain a new Bailey pair. Finally, we insert this new pair into one of (I3.1h ~ (j3.4p . express 
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the side in terms of indefinite quadratic forms and appeal to Lemma 12.41 We now prove 
Theorems I1.1H1.31 

Proof of Theorem M . 1[ To prove (ll.lOj] . we insert (j2.ir)p - (l2.12p into (12.1|] and (j2.2l] with (a, pi,P 2 ) 
( 1 , 00 , oo), then apply (|3.ip to get 


Li{q) = 


^SrP-n-if-Zj ^8n2+n-4j2-3j 


n>l 

—n<j<n—l 


_|_ ^ ^%'n?+ 7 n+ 2 -Ap-j ^ 


8n^+9n+3—4^'^—j 


(3.5) 


n>0 

—n<j<n 


and so 


-17 




q 


(16n-l)2-2(8i+3)2 ^(l6n+l)2-2(8j+3) 


n>l 

—n<j<n—l 


+ E 


^(16n+7)2-2(8i+l)2 ^(i6n+9)2-2(8i+l)2 


n>0 

—n<j<n 


Thus, 


(3.6) 


2q-^'^Li{q^^) = ^ ^(16n-l)2-2(8i+3)2 ^(16n+l)2-2(8j+3)2 


n>l 

—n<j<n—l 


+ ^{16n+7)2-2(8i+l)2 ^(16n+9)2-2(8i+l)2 


n>0 

—n<j<n 


+ g(16n-l)2-2(8i-3)2 ^(l6n+l)2-2(8j-3)2 


n>l 

—n-\-l<j<n 




n>0 

—n<j<n 


where we have let j —j in the second copy of (j3.6p to obtain the third and fourth sum in 
(1321). By Lemma 12.41 and unique factorization in Ok, each ideal a can be uniquely written as 
a = (u + v\/2) with u > 0 and —^u<v< ^u. This representation combined with the condition 
A^(a) = 15 (mod 32) is equivalent to either u = ±1 (mod 16), v = ±3 (mod 8 ) or u = ±7 
(mod 16), u = ±1 (mod 8 ). Comparing this with (13.7p implies (11.1011 . 

To prove (|l.lip . we insert ()2.13p - (l2.15p into (|2.ip and (12.211 with {a,pi,p 2 ) = (( 7 , 00 , 00 ), then 
apply (13.311 to get 
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L2{q) = ^ g8n2+3n-4j2_j ^8n2+l3n+5-4j2_j 


n>0 

—n<j<n 


_j_ ^ ^ ^8n^+llnH-3—_|_ ^8n^+21nH-13—4j^—3j 


(3.8) 


n>0 

—n—l<j<n 


and so 


n>0 

—n<j<n 


^(16n+13)2-2(8i+l)2 

+ ^ ^(16n+21)2-2(8i+3)2 ^(16n+ll)2-2(8i+3)2_ 

(3.9) 


n>0 

—n—l<j<n 


Thus, 


2g%(g32) ^ ^(16n+3)2-2(8i+l)2 _^^(16n+13)2-2(8i+l)2 


n>0 

—n<j<n 


+ X] g(16«+21)^-2(8i+3)2 _^^(16n+ll)2-2(8i+3)2 


n>0 
—n— 


Y g(16n+3)2-2(8i-l)2 ^(I6n+13)2-2(8j-l)2 


n>0 

—n<j<n 


+ X] g(16^+21)"-2(8j-3)2 _^^(16n+ll)2-2(8i-3)2_ 


n>0 

—n<j<n+l 


Again, Lemma f‘2.41 unique factorization and the condition A^(a) = 7 (mod 32) imply (|l.lll) after 
comparing with (j3.10p . 

For (I1.12p . we insert (|2.16I) ~ (I2.18I) into (|2.1I) and (|2.2I) with {a,pi,p 2 ) = (l,oo,oo), then apply 
(j3.1|) to obtain 


Lsiq) = Y1 


^ri^—n+l—ip—j _|_ ^8n^+n+l—4j^—j 


n>l 

—n<j<n—l 


_|_ 'y ^ ^8n^+7n+2—4j^—3j _|_ ^8n^+9n+3—4j^—3j 


(3.11) 


n>0 

—n<j<n 


and so 













REAL QUADRATIC DOUBLE SUMS 


11 


-33 


L3{g^^)= E 


q 


(16n-l)2-2(8i+l)2 ^(16n+l)2-2(8j+l) 


n>l 

—n<j<n—l 


Thus, 


(3.12) 


n>0 

—n<j<n 


2q-^^= E g(16«-l)"-2(8i+l)2 ^(16n+l)2-2(8j+l)2 


n>l 

—n<j<n—l 


+ E + g( 16 n+ 9 ) 2 - 2 ( 8 i+ 3)2 


n>0 

—n<j<n 


+ ^ ^(16n-l)2-2(8i-l)2 ^(16n+l)2-2(8j-l)2 


n>l 

—ri.+l<ji<ri. 


^ ^(16n+7)2-2(8j-3)2 _^^(16n+9)2-2(8i-3)2_ 


n>0 

—n<j<n 


Arguing as above gives (I1.12h . 

For (jl.l3p . we insert (I2.19p - (l2.2ip into (I2.ip and (12.2p with {a,pi,p 2 ) = (g, oo,oo), then apply 
(j3.3p to obtain 


^^(g) = _1 -)- 'Y + ^8n2+13n+5-4j2_3j 


n>0 

—n<j<n 


+ 


Y ^8n2+lln+4-4j2_j 


,8n2+21n+14-4j2-j 


(3.14) 


n>0 

—n—l<j<n 


and so 


q-^Liiq^^) = -q-^ + ^ ^(16n+3)2-2(8j+3)2 ^(i6n+13)2-2(8i+3)2 


n>0 

—n<j<n 


+ E g(16n+21)2-2(8i+l)2 ^(i6Ti+ll)2-2(8i+l)2 


n>0 

—n—l<j<n 


(3.15) 
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Slightly modifying the summation limits we obtain 


(16n+13)2-2(8i+3)2 


n>0 

—n<j<n—l 

+ E 9 

n>-l 


n>0 

—n—l<j<n 

(16n+21)2-2(8i+l)2 I (16n+ll)2-2(8i+l)2 


+ E 

n>0 

—n<j<n 


Thus, 


(3.16) 


2q-^U{q^^) = Y1 ^ 

n>0 n>0 

—n<j<n—l —‘^—1^. 

+ E g(16n+21)2-2(8i+l)2 ^ ^ 


n> —1 

—n—l<j<n+l 


n>0 

—n+l^j'Xn 


+ 


E 

^(16n+13)2-2(8j+3)2 

n>0 

—n—l<j<n 


E 

^(16n+ll)2-2(8i+l)- 

n>0 

—n<j<n 

E 

^(16n+13)2-2(8i-3)2 

n>0 

—n<j<n-\-l 



^(16n+ll)2-2(8i-l)- 


n> —1 

—n—l<j<n+l 


n>0 

—n<j<n 


Arguing as before gives (|1.13p . 

Proof of Theorem \1.2[ For (I1.14p . insert (|2.4I) - (I2.6I) into (12.11) and (12.21) with (a, pi,P 2 ) 
then apply (|3.2I1 to obtain 


(3.17) 


□ 

( 1 , 00 , oo 


and so 


L^{q) = 2 g6n2+l-2j2^2 ^QrP+Qn+ 2 - 2 f- 2 j 


n>l 

—n<j<n—l 


n>0 

—n<j<n 


(3.18) 


q-‘^L^{q^) = 2 Y g3(2n)2-(2i)2 ^ 2 Y g3(2n+l)2-(2j+l)2_ 

n>l n>0 

—n<j<n—l 

By Lemma I 2 .41 and unique factorization in Ol, each (principal) ideal a generated by an element 
of negative norm can be uniquely written as a = (u + u\/3) with v > 0 and —v < u < v. This 
representation combined with the condition A^(a) = 0 (mod 2 ) is equivalent to either u = 0 
(mod 2), u = 0 (mod 2) or u = 1 (mod 2), v = 1 (mod 2). Comparing this with (I3.19P implies 

dni. 

For (|1.15l) . insert (|1.4I) ~ (I1.6I) into (12.11) and (12.21) with (a,pi,p 2 ) = (g, 00 , 00 ), then apply (|3.2I) 
to get 


-^6(q) - 2 Y 


g6n^-2p-2j _^2 Y 


^6n^+6n+l—2j^ 


n>l 

—n<ji<n—1 


n>0 

—n<j<n 


(3.20) 


and so 
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q-^L^{q^) = 2 ^ ^3(2n)2-(2i+l)2 ^ 2 g3(2n+l)2-(2i)2_ (3 21) 

n>l n>0 

—n<j<n—l 

By Lemma 12.41 and unique factorization in , each principal ideal o generated by an element 
of negative norm can be uniquely written as a = (n + vVS) with u > 0, —v < u < v. Arguing 
as usual gives (ll.lSp . 

For (|1.16l) . insert (|1.7I) ~ (I1.9I) into (12.11) and (12.21) with {a,pi,p 2 ) = {q,oo,oo), then apply (|3.4I) 
to get 


L 7 {q) = ^ g6n‘^+16n+10-2f-2j _|_ +8n+2-2f-2j 


n>0 

—n—l<j<n 


_|_ ^ ^ ^6n^+2n—_|_ ^6n^+10?i+4—2j^ 


(3.22) 


n>0 

—n<j<n 


and so 


qLjiq^) = ^(6n+8)2-3(2j+l)2 ^(6n+4)2-3(2i+l)2 


n>0 

—n—l<j<n 


+ Y + g(6r^+5)'-3(2i)2 


(3.23) 


n>0 

—n<j<n 


Arguing as usual gives (11.16^ . 

For (|1.17l) . insert (|2.7I) ~ (I2.9I) into (12.11) and (12.21) with {a,pi,p 2 ) = (g, oo,oo), then apply (|3.4I) 
to obtain 


L8{q) = -l+ Y 


+2n—2p—2j _|_ ^6n^+10n+4—2j^—2j 


n>0 

—n<j<n 


_|_ 'y ^ ^6n2+16n+ll-2j2 _|_ +8n+3—2j'^ 


(3.24) 


n>0 

—n—l<j<n 


and so 


q-^Ls{q^) = g-2 + ^ ^{6n+l)2-3(2i+l)2 ^ ^(6n+5)2-3(2,+l)2 


n>0 

—n<j<n 


+ Y + g(6r^+4)'-3(2j)2 


n>0 

—n—l<j<n 
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Slightly modifying the summation bounds and simplifying gives 


n>0 n>0 

—n<j<n—l 

{6n+8)2-3(2i)2 


(6n+5)2-3(2j+l)2 


+ E 

-n- 

Arguing as usual gives (I1.17D . 




n>-l 

—n—l<j<n-\-l 


n>0 

—n<j<n 


□ 


Proof of Theorem \1.3[ For (jl.lSD . we insert ()2.10l) - (l2.12p into (|2.ip and p2.2ll with {a,pi,p 2 ) = 
( 1 , 00 , 00 ), then apply p3.2p to get 


Lg{q) = 2 ^ 




^6n^+6n+2—4j^—j 


n>l 

—n<j<n—l 


n>0 

—n<j<n 


(3.25) 


and so 


q-^Lg{q^^) = Y + 

^6(4n+2)2-(8j+l)2 

n>l 

n>0 

—n<j<n—l 

—n<j<n 

+ Y g6(4n)2-(8i-3)2 ^ 

Y ^6(4n+2)2-(8i-l)2 

n>l 

n>0 

—n+l<j<n 

—n<j<n 


By Lemma 12.41 and unique factorization in Om, each ideal a with iV(a) = 7 (mod 16) can be 
uniquely written as a = (tt + u\/6) with u > 0 and —2v<u<2v. Arguing as usual gives (jl.181) . 

For (jl.l9p . we insert p2.16p - (|2.18l) into p2.1l) and p2.2l) with {a,pi,p 2 ) = (l,oo,oo), then apply 
(13.2p to get 


Aio(g) - 2 Y 


Jin- 


‘^+l-Ap-j 


+2 E 




6n^+6n+2—4_7^— 


(3.27) 


n>l 

—n<j<n—l 


n>0 

—n<j<n 


and so 


Y‘Yiotf“)= E 

^6(4n)2-(8i+l)2 

Y g6(4n+2)2-(8i+3)‘ 

n>l 


n>0 

—n<j<n- 

-1 

—n<j<n 

+ E 

g6(4n)2-(8j-l)2 

Y^ g6(4n+2)2-(8i-3)^ 

n>l 


n>0 


—n-\-l<j<n —'n<j<n 


(3.28) 


Arguing as usual gives (I1.19p . 

For (jl.20p . we insert ()2.13p - (l2.15p into (12. ip and (12.2p with {a,pi,p 2 ) = (g, 00 , 00 ), then apply 
(|3.4p to obtain 
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Lii{q) = 


^6'n?+2n—ij^—j _|_ ^6n^+10n+4—j 


n>0 

—n<j<n 


_|_ 'y ^ ^6n2+16n+10—4j2—_|_ ^6n^+8n+2—4:j^ — 


n>0 

—n—l<j<n 


and so 


^(24n+4)2-6(8i+l)2 ^(24n+20)2-6(8j+l)2 


n>0 

—n<j<n 


+ E 


^(24n+32)2-6(8j+3)2 ^(24n+16) 


n>0 

—n—l<j<n 


Thus, 


2glOLll(g96) ^ ^{24n+4)2-6(8i+l)2 ^(24n+20)2-6(8i+l)2 


n>0 

—n<j<n 


+ ^(24n+32)2-6(8i+3)2 ^(24n+16)2-6(8i+3)2 


n>0 

—n—l<j<n 


+ X] + g( 24 n+ 20 ) 2 - 6 ( 8 j-l )2 


n>0 

—n<j<n 


+ X] g(24n+32)2-6(8j-3)2 ^(24n+16)2-6(8i- 


n>0 

—n^j-Xn+l 


Arguing as usual gives 


«‘“tu(9“) = i E 




oCOm 

A''(a)=10 (mod 96) 


and dividing by the unique ideal (2 + y/6) in Om of norm 2 gives (ll.2n[) . 

For (jl.2ip . we insert (|2.19p - ()2.21ll into p2.ip and (12.211 with {a,pi,p 2 ) = (g, oo,oo), 
(j3.4p to obtain 


L^2((?) = —2 + ^ ^6n2+2n-4j2_3j ^6n2+10n+4-4j2-3i 


n>0 

—n<j<n 


_l_ ^ ^ ^6n^+16n+ll—4j^—j _|_ ^6n^+8n+3—4j 


n>0 

—n—l<j<n 


,, (3.29) 

-6(8i+3)2_ 

(3.30) 

(3.31) 

(3.32) 

then apply 

.3 . (3.33) 
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Thus, 


^-38^12(^96) ^ _2g-38 + ^ ^{24n+4)2-6(8i+3)2 ^(24n+20)2-6(8j+3)2 

n>0 

—n<j<n 

+ X] g(24n+32)2-6(8j+l)2 ^(24n+16)2-6(8i+l)2 

n>0 
— n— 

Slightly modifying the summation bounds and simplifying gives 


Thus, 


^-38^12(^96) ^ 

^(24n+4)2-6(8i+3)2 

yy ^{24n+20)2-6(8j+3)2 


n>l 

n>0 


—n<j<n—l 

-n—l<j<n 

+ 

^(24n+32)2-6(8i+l)2 

+ y^ ^(24n+16)2-6(8i+l)' 


r7.>—1 

n>0 


-n—l<j<n+l 

—n<j<n 

2q-^^Li2{q^^) = 

g(24n+4)2-6(8i+3)2 

yy ^(24n+20)2-6(8i+3)' 


n>l 

n>0 


—n<j<n—l 

—n—l<j<n 

+ 

^(24n+4)2-6(8j-3)2 

yy ^(24n+20)2-6(8j-3)2 


n>l 

+ ^ 

n> — l 


n>0 

—n<j<n-\-l 

n>0 

—n<j<n 


(24n+32)2-6(8j+l)2 , ^ (24n+16)2-6(8j+l)2 


+ E 


q 


n> —1 


(24n+32)2-6(8i-l)2 ^ ^{24n+16)2-6(8j-l)2 

n>0 

—n<j<n 


Arguing as usual gives ()1.2ip . 

Proof of Corollary \1.4\ By Theorem 3.3 of [8] we have that 

q-^Z2{q^) = l Y. 


oCOk 

N{a)=7 (mod 8) 


(3.34) 


(3.35) 


□ 


(3.36) 


Comparing (|3.36|) with equations (I1.1UI) ~ (I1.13D gives (ll.22p . Next, Theorem 1.2 of [TU] is 
equivalent to 


23{q) = - E 


(3.37) 


aCOL 

a=(x),N{x)<0 


One compares ^3.371) with equations (|1.14l) and (I1.15P to obtain (|1.23l) . In Theorem 1.7 of [6] it 
is shown that 
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qZi { q ^) = - Y , (3.38) 

oCOl 

N(a)=l (mod 3) 

Comparing (|3.38p with equations (jl.l6l) and (|1.17p gives pi.24p . Finally, in Theorem 1.6 of [6] 
it is shown that 

q-^Z5{q^) = - Y (3-39) 

oCOl 

N{a)=3 (mod 4) 

The sum on the right-hand side of (j3.39p is identical to the sum on the right-hand side of (ll.lSp . 
giving (ll.25h . □ 


4. Questions for further study 

The series cr{q) has been related to Maass waveforms by Cohen [7] and to quantum modular 
forms by Zagier m- The relation of the series Li(q) to Maass waveforms could be made precise 
using work of Zwegers but it is unclear whether there is a relation to quantum modular 
forms. This is worth investigating. The combinatorics of these series is also worth pursuing. Do 
they have an elegant partition-theoretic interpretation? Is there a natural explanation for the 
positivity of their coefficients? 
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